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Abstract

This is a failed attempt towards achieving differential privacy with randomized sketched kernel
ridge regression. The rest of this paper is organized as follows. After the introduction of some
notations, we give thorough background knowledge in empirical risk minimization and randomized
sketching in Section 1. In section 2 and 3 are the theoretical findings involving utility and privacy.

All technical proof is postponed to appendix and our code is available at 5.

1 Methodology and Related Work

1.1 Notations

We will use || - ||2, || - |loo, and || - || to denote the f2-norm, the infinity norm, and norm in a Hilbert
space H, respectively. For matrices, we will use the notation || - |2 and || - ||# to denote the 2-norm
and frobenius norm, respectively. AT is the transpose of matrix/vector A. Let I, denote an n x n
identity matrix. We use | - | to denote the determinant. Let col(A) be the column space of matrix
A. With a slight abuse of notation, 0 represents a constant/vector/matrix with the desired shape
whose entries are all zero. Let A.;.; be the i : j column slicing of A, i.e. the sub-matrix consists of
i,i+1,---, j-th columns of A. Analogously, let A;.;. be the 7 : j row slicing of A, i.e. the sub-matrix
consists of 4,4 + 1,--- , j-th rows of A. We use [n] to denote {1,2,--- ,n}. Let span(aj,---,ay) be
the linear space spanned by ai,---,a,. For a matrix A, let \;(A) be the i-th largest eigenvalue
of A. Without special notification, let A~ denote the pseudo inverse of matrix A. In the sequel,
the notation a, = O (b,) denotes that there exists some positive constant ¢ such that a, < cby.
Let AAB denote the difference set of sets A and B. We use 2 to indicate two algebraic structures
are isomorphic. Let a V b denote max(a,b). We use V; to denote the volume of the unit ball in d

dimensional space.
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1.2 Empirical Risk Minimization

We consider classical regularized empirical risk minimization problem, in which we are given a dataset
D :={(x1,y1),---,(Tn,yn)} consisting of n i.i.d. samples drawn from an unknown probability measure
Pxy on & x Y. Throughout this paper, we assume that X C R? and Y C R are compact and non-
empty. To be more specific, we have [[z]]a < 1 for all z € X and |y| < 1 for all y € Y. We
desire to find a predictor f : X — ). f is constraint in a Hilbert hypothesis function class H with
norm | f||%. We measure the quality of our predictor on the training data via a nonnegative loss
function ¢ : J) x Y — R. Moreover, we denote the Bayesian risk as ¢* := minscy E[¢(f(x),y)] and
its minimizer is f*. Based on the definitions, the regularized empirical risk minimization problem

intends to minimize
L(f)+ Mlfl3 = = Zf (i), 9i) + Al fll3 (1)

over f € H. L(f) aims to find an accurate predictor to fit D,, while the regularizer || f|| prevents
over-fitting. Hyper-parameter A, which is fixed beforehand by the user and possibly depending on n,
balances the trade-off between two parts.

In this paper, we consider H to be linear functionals in a Reproducing Kernel Hilbert Space
(RKHS) which corresponds to a positive semidefinite kernel function k : X x X — R. For each
positive semidefinite kernel k, we have k(x1,x2) = (¢(x1), d(x2)). Here ¢ : X — H is called the
feature map. (-,-) is the inner product in Hilbert space H. The dimension of  is denoted as h which

is potentially infinity. Then, optimization problem (1) turns into
L(fw) + AMwl3 = Zf Tw, yi) + A wlf3 (2)

where w € H stands as a linear functional in H and f, = ¢(x) w. Representer theorem yields
that, given training dataset D, the optimization problem is equivalent to find 8 € R” and w =
ﬁ Yoy Biyi¢(x;) that minimize (2). If mild assumptions such as convexity and smoothness are posed
on £, the optimization problem (2) is smooth and convex. Thus, there exists an unique minimizer 3 and

= ﬁ >, Biyid(xi). For notation simplicity, we define empirical kernel matrix K = (k(a;z, :cj))nxn
and feature map matrix ® = (¢(z1), - ,qﬁ(xn))hxn.

1.3 Randomized Sketching

In this section, we consider optimization of (3). Though there exist fast optimization methods for
certain ¢ such as hinge loss and logistic loss, no dual scheme to achieve time complexity lower than
O(n®T) has been proposed for general loss function. Here, T is the iteration required by second
order methods which is of an ignorable double log order. Due to its smoothness and strict convexity
of (3), we adopt second order methods for numerical optimization. In this case, we use sketching

technique | : ] to obtain approximate solution and thus faster computation O(n?mT).



Instead of optimizing original parameter, we consider an approximation based on limiting the S5 in
R"™ to an m-dimensional subspace of R", where m < n is a predetermined projection dimension. The
approximation is defined via a sketch matrix S € R™*™ and the m-dimensional subspace is generated
by the column span of S. To be more specific, we substitute the n dimensional 5 by Sa and optimize
m dimensional o. Together, we reformulate optimization object (1) as follows.

n T
L(fa) + Al fallr = iz«W y) + aTSTeTas0 0
where f,(z) = ¢(x) " ®Sa/\/n.

Vast choice has been designed for the choice of S. Gaussian sketching, i.e., matrices S € R™*"
with i.i.d. Gaussian entries N'(0,1/m) are a classical random projection whose spectral and subspace
embedding properties are tightly characterized. Though the cost of forming the sketch K - S for
kernel matrix K requires O(n?m), parallel computation can significantly accelerate this process. In
this paper, we only consider Gaussian sketching, while we discuss potential usage of other sketching
methods in Section 4.

So far, we have presented the necessary notations and background knowledge. We now present

our algorithm which follows the straightforward logic of the Newton—Raphson method.

Algorithm 1: Sketching Empirical Risk Minimization

Data: Training data D := {(x1,y1),. .., (Zn,yn)}; Query z.
Parameters: Sketching dimension m; Sketching matrix S; Regularization .
Initialization: a9 ~ N (0, ).
fort=1toT do
Compute V(L(at—1) + Al| fa,_i12) and V2(L(cw—1) + || far_, I¢) for (3);
Update a; = a1 — [V2(L(r1) + Ml far_y [11)] "V (L(@s-1) + All fau_ [12)-
end
Result: The prediction fo,.(z) = ¢ ' (z)®Sazr/\/n.

1.4 Related Work

Our work also lies close to the studies of DP kernel learning. By adding Laplace noise to linear
functional in RKHS, | ; | build DP kernel machines with utility guarantees. The utility
bound of | | measures the difference between private and non-private functionals, which is
not comparable to ours. Our problem setting belongs to the non-interactive case of | | while our
method is more straightforward and our analysis is more detailed. [ ] choose the noise level
added onto the output by measuring the sensitivity of the function in the RKHS norm. However,

their approach takes cubic computation time.



2 Utility

In this section, we consider the utility guarantee for ERM with randomized sketching. Utility demands
that the solution to the perturbed problem must achieve small excess risk. We first introduce necessary
restrictions on the loss functions and kernels in Section 2.1 and present the main result in Section

2.2. An error analysis of the convergence rate is conducted in Section 2.3.

2.1 Basic Assumptions

To facilitate theoretical analysis, we adopt mild assumptions on ¢ which are satisfied by frequently

used £ such as logistic loss and least square loss.

Assumption 1 (Lipschitz Continuity). Assume that the loss function ((t,y) is second order Lip-

schitz with respect to t, i.e.
|Ve(t,y) — Ve, y)| < cplt —t], fort,t' € [-1,1].
for some universal positive constant cy,.

Assumption 2 (Strong Convexity). Assume that ((t,y) is A-strongly convex with respect to t,

meaning that

() > 1)+ 8D gy Dy

for t,t' € [—=1,1] and some universal positive constant A.
We also require the kernel k to satisfy the following conditions.

Assumption 3 (Bounded Kernel Function). For any x1,x9 € X, we have k(z1,22) < K for

constant k > 0.

Assumption 4 (Eigenvalues of Kernel Matrix). Assume that the dimension of feature space h,
which potentially depends on sample size n, is finite. Moreover, for all eigenvalues of ®'® denoted
as A1, -+, Ap, there holds A\p, < --- A1 < 1.

Note that we require H to be finite-dimensional. Though all kernels do not admit this property, a
great many of them can be well approximated as argued in | |. For translation invariant kernels,
a random h-dimensional RKHS, which is constructed by the Fourier transform of the kernel function,
can uniformly approximate the original ones. Thus, we can use the approximated version of these
kernels, such as the commonly used RBF kernel and Laplace kernel. In fact, the Assumption 1-4 are

commonly required for DP-ERM analysis [ ; ; ; ; J.



2.2 Main Result

Now we present the convergence bound of the excess risk of the estimator returned by Algorithm 1.

Theorem 5 (Utility). Suppose Assumption 1 - 4 hold. Let f,, be the output of Algorithm 1 with
T =< loglogn. ® is the feature map matriz of i.i.d. sample D ~ Pxy. For some constant C' € (0, 1),
if we choose (C'V2/3)h < m < h and \ < Z?:LChHl \i, then with probability 1 — 2e=2™ — 2/n?,

we have

oL
Bl oy (2),)] = <

where \; is the i-th singular value of ® fori=1,---  h.

h
>

i=|Ch|+1

The theorem states that, if we properly choose an RKHS dimension h and a sketching dimension
m, the excess risk of the estimation f,,. can be controlled by the tail eigenvalues A|cpjq1,7 ", An-
As illustrated in | ], these quantities will converge to zero as h grows to infinity with n. The
convergence rate is decided by the decay speed of the kernel’s tail eigenvalues. For instance, the
polynomial kernel with order h has eigenvalues that decay quickly. Thus, its excess risk can achieve
convergence rate O(e~"). In contrast, for kernels with polynomial decay, such as the Sobolev kernel,
each of its eigenvalues \; is of order O(j~P) with p = 2. Thus, the upper bound of excess risk will
be of order O(h_l/ 2), which is relatively slow. For the Cauchy kernel, which also admits polynomial

decay but with p = 1, the upper bound even fails to converge.

2.3 Error Analysis

In this section, we conduct our error analysis for Theorem 5 by decomposing the excess risk into
several parts that are intuitively associated with approximation error and optimization error. We

first define two instrumental quantities used in the decomposition. Let & be the minimizer of (3), i.e.
L(f) + Al fllz = min L(fa) + All fall3- (4)

Also, let f be the optimal solution to the original problem (1), i.e.
L(F) + M fll = min L(f) + Ml flla ()

We rely on the following decomposition.

~

E[l(far (2),y)] = € =E[l(for (2),y)] = L(faz) + Lfor) + Ml farll = L(f) = Al flln

A B
+ LOF) + M| Fllse — L) + LCF) + M Flla — LOF*) = AL f |l (6)
C <0
+ L(f*) = €+l = M farllae = Al Flla
———

D



Besides the remaining terms, each part of the decomposition has its interpretation. The term A
and D represent the discrepancy between population level loss and empirical level loss. They arise
because we turned the problem of bounding the population excess risk into bounding their empirical
counterparts. The existence of term B is due to the fact that we can not optimize problem (3) exactly.
Thus, we need to control the difference between the output of Algorithm 1 and the global minimizer
(4). It is referred to as the optimization error. The term C is called the approximation error. It
depicts the difference between the solution of the original problem, i.e. (1) and the sketched problem,
i.e. (3). The next term is controlled naturally via the definition of f in 5. In what follows, we control

these terms separately.

2.3.1 Control Term A and D

Lemma 6. Suppose Assumption 1 - 3 hold. Letf be defined in (4). Then we have

logn

E[E(faT(m)ay)] - L(faT) 5

n
with probability 1 — 1/n?.
Lemma 7. Suppose Assumption 1 - 3 hold. Let f* € H be the minimizer for £*. Then we have

logn

E[e(f*(x), )] - L(F) S

n

with probability 1 — 1/n?.

2.3.2 Control Term B

Lemma 8. Suppose Assumption 1 - 3 hold. Let f,.(x) be the output of Algorithm 1. Letf be defined
in (4). If we choose T < loglogn, then we have

-~ ~ 1
L(far) + Ml fagllae — L) = Ml fllae S -
2.3.3 Control Term C

Lemma 9. Suppose Assumption 1 - 3 hold. Letf and f be defined in (4) and (5), respectively. For
some constant C' < 1, let (C'V 2/3)h < m < h. Then we have

i=|Ch|+1

—2m

with probability at least 1 — 2e



2.4 Comments

2.4.1 Comments on the Convergence Rate

The convergence rate are dominated by two terms which are \/Z?:LCh |41 A; and ﬁ The former

term comes from approximation error. For a Gaussian sketching matrix S, ST S can approximate Iy,
i.e. |Ch| of its eigenvalues are close to 1 with high probability. As a result, the solution to (1) and
(3) holds identical on a subspace with dimension |Ch|. The difference on the remaining h — [Ch|
is controlled by the smallest eigenvalues of ® and thus forms WZ?: |Ch]+1 Ai. Note that we can
not further improve this result for general ¢. For least square loss, whose first-order term of Taylor
expansion with respect to f(z) vanishes, this rate can be improved to Z?: |Ch]+1 i, as is derived in

[ J

The term ﬁ comes from Lemma 6 and 7, where we used theoretical tools from empirical process
[ ; |. To be specific, a Talagrand-type inequality | ] is established such that the dif-
ference between the population loss and empirical loss is controlled by the complexity of the potential
function space H. In fact, this rate can also be improved by using advanced theoretical tools such
as local Rademacher complexity | |. As illustrated in | ; |, the optimal rate is

the ”critical radius” of kernel k, which is generally smaller than ﬁ Besides maintaining the clarity

of our proof, the reason that we do not adopt these techniques is that ﬁ is usually dominated by

1/ Zf: |Ch+1 Ai. Thus, it is unnecessary to make this rate faster.

Note that in [ ], the above-mentioned rates meet. Our results do not achieve a balanced
trade-off between different error terms. We are capable of achieving the best trade-off by choosing
large m and h. However, doing so yields a privacy guarantee with order O(1), as illustrated in the
next section. To provide a privacy guarantee that is able to converge to zero, we must sacrifice the

utility property.

3 Privacy

In this section, we provide a detailed analysis of the privacy guarantee of our algorithm. We first
provide the main results in Section 3.1 and some comments in Section ??7. In Section 3.2, we intuitively
illustrate how our mechanism brings differential privacy. In Section 3.3 and 3.4, we introduce the
Grassman manifold and its properties which will be the mathematical foundation of our analysis for

privacy. The road map of its proof is presented in Section 3.5.

3.1 Main Results

To be self-contained, we give a definition of approximate differential privacy as follows. We say two
data sets D and D’ are neighboring data sets if they differ in one entry (that is, |DAD'| = 2).

Definition 10 (Approximate Differential Privacy | ; ). An algorithm
A X" = Y is (e,0)-differentially private (i.e., it satisfies approzimate differential privacy) if, for all



neighboring databases X, X' € X™, and all T C Y
PAX)eT| < eP[A(X') €T] +6

To facilitate theoretical analysis, we adopt mild assumptions on the optimization object. Note
that for general loss function £ such as logistic loss and least square loss, the assumption is naturally
satisfied.

Assumption 11 (Gradient Convexity). We assume that ||VoJ(fuw, D)||3 is a A- strongly convex
function with respect to w, meaning that the smallest eigenvalue of its Hessian matriz is larger than

the positive constant A.
With the additional assumption, we now present our main result for privacy guarantee.

Theorem 12 (Privacy). Suppose Assumption 1- 4 and 11 hold. Given a dataset D and query z,
the output of Algorithm 1, denoted as fo,(x) is (€,0) differentially private, i.e. for any measurable
set T € R, we have

P(for(z) € T|D] < €Plfar(z) € TID']+ 6
with € and § specified as

¢ = (64eLVr)Cy H(h = m)mn =2 4 (32cp/k + 2\/E)C'}?2n_1/2+2v
) = Vd4dc—dmh(m—1)/2(27r)—h/2nz/(m—h)m/2—d/2

3.2 Perturbation Mechanism

As mentioned in the first section, there are three types of privacy mechanisms, that are gradient
perturbation, output perturbation, and objective perturbation. Our proposed mechanism is closer to
objective perturbation. Both mechanisms distort the non-private optimization object by a randomly
generated matrix (vector) in order to shift the solution around the original solution. The perturbation
matrix (vector) is carefully designed. On one hand, the distortion should be mild such that the utility
of the shifted solution is kept. On the other hand, regarding the shifted solution as a random function
of the perturbation matrix, the distribution of the solution should be adequately spread out to provide
a privacy guarantee. In [ ], the optimization object 2 31" | (¢ (z;) "w, y;) + A wl|3 is added with
term w - b where b is a vector consisting of independent Laplace random variables. In other words,
the gradient of the object for all w is added with a fixed vector b. An illustrative example is provided
to show the privacy mechanism of classical objective perturbation in | ].

As shown in Figure 1, a subtle shift occurs to the loss surface due to the perturbation on the
optimization target, which brings a slight move to the optimal solution. To ensure both privacy and

utility, the variance of Laplace perturbation is carefully designed such that the perturbed optimal
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(a) Loss surface for the original problem. (b) Loss surface for the perturbed problem.

Figure 1: The comparison of contour plots for classical objective perturbation. The yellow star is the

minimum of the corresponding surface.

solutions will not be too far from the original solution while the migration is enough to confuse outside
attackers.

The mechanism in Algorithm 1 follows an analogous logic. However, our mechanism is intrinsically
different from theirs. The object in (2) search for solution @ in {®S|f € R"} with dimension n.
However, (3) search for solution in the space {®?Sala € R™}. In other words, the set of feasible
solutions to (3) is a subset of those to (2). Thus, the solution to (3) is shifted by the randomly
generated subspace associated with S and its privacy is preserved. The intuition for our mechanism
is illustrated in Figure 2. In Figure 2, two pink lines are induced by different random matrices
S. Thus, the corresponding constraint optimal solutions, which are marked with yellow stars, are
different.

The distribution of subspace, as well as the optimal solution in it, are decided completely by
the random Gaussian matrix S. Therefore, the main difficulty in showing privacy is computing the

distribution of subspaces.

3.3 Random Projected Subspace

In this section, we introduce theoretical tools that arise from differential geometry. The topological
space of all linear p-dimensional subspaces in R? for p < ¢, denoted as Gr(p, q), is known as Grass-
mannian or Grassman Manifold [MS; KRB97]. The Grassman Manifold is naturally endowed with
a Haar measure [[aa33] which is translation invariant under unitary transformation in RY. [CC03]

developed a thorough analysis for distributions on Grassmannian under different sampling schemes.
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Figure 2: Comparison of the subspaces of feasible solutions. On the contour plot of the loss surface,
the pink line represents a one-dimensional subspace of feasible solutions to problem (3). Subspaces
on the left and right are induced by different S. The yellow star stands for the optimal solution in

the corresponding subspace.

In our case, the subspace in which « is optimized within is the span of columns of 5. The distribu-
tion of ®S is called Rectangular Matrix-Variate Distribution [C'C03, Section 2.3|, the matrix version
of Gaussian distribution. Grassmannian serves as a perfect tool for quantifying the distribution of
subspaces. However, as illustrated in Figure 2, we would like to deal with affine spaces, i.e. subspaces
with intercept. Thus, we need to generalize Grassmannian to affine subspaces.

The topological space of all affine p-dimensional subspaces in R?, denoted as Graff(p, ¢), is called
Affine Grassmannian [[KRBO7; LWY21]. Affine Grassmannian naturally inherits most merits of
Grassimannian including its Haar measure [\WY21]. Let g% denote an element in Graff(p,q). Let
~P? be the Haar measure on Graff(p, ¢) which is unique up to a constant. Without loss of generality,
let fGraff(p,q) dyPd = 1.

It is desirable to uniquely represent elements of Graff(p, ¢) as actual matrices instead of an abstract
set of affine spaces. Especially, an explicit representation in Euclidean space is a prerequisite for
discussing probability distributions on Graff(p, q). We follow the well-known representation results
[Nic20; LWY21] to write the topology spaces as the set of rank-p orthogonal projection matrices and

a vector orthogonal to the column space of the matrix:
Graff (p, q) = {[P, b € R*@HD . pT = p2 — P (1(P) = p, Pb = 0} .

Though named as orthogonal, P is not an orthogonal matrix except for P = I,,. Note that rank(P) =

tr(P) for an orthogonal projection matrix P. With this definition, we use [P,b], which is called

10



projection affine coordinates, to represent points on Graff(p,q). Let g%% denote the element in

Graff(p, ¢) corresponding to [P, b].

To make the space we are optimizing « an affine space, we need an intercept. Thus, we define
an augmented problem. To be specific, let S be a n x (m + 1) Gaussian sketching matrix and let
a € R™ have one fixed entry. Without loss of generality, we fix a,,41 = 1. In other words, we solve
the optimization problem

min L(fa) + Al fall#

aERm+1,anL+1:1
For notation simplicity, we denote the optimization object for any function f and training dataset D
as J(f,D) = L(f) + Al|f||». Thus, the above optimization problem can be rewritten as
min J(fa, D). (7)

acR™m+L a1 1=1

Note that setting au,+1 = 1 does not affect any conclusion about f, derived before since the approx-
imation power of kernel functions is not related to the intercept term. See | ] for discussions of
intercept in kernel machines. With these preparations, the following result depicts the probability
distribution of the subspaces gg})h.

Lemma 13. Given dataset D, let S be a Gaussian sketching matriz. Then, the density of element
g;%h is given by
m"" 2 [T 50 Ai(10)

m,h T
p(gpy ) = cexp (—b'IIb).

Here, 3 is the h X h diagonal matriz with singular value of ﬁ@ ordered decreasingly on its diagonal.
IT is the pseudo inverse of (I, — P)X (I, — P).

3.4 Bijection Between Subspaces and Optimization Solution

One may notice that there is no bijection ggéh and w since they have different cardinalities. In fact,
the cardinality of gg}h can be explicitly calculated by Graff(m,h) ~ R(=m)(m+2) ( [ D). An
illustration is provided in Figure 3. The figure considers optimization in one-dimensional subspaces
in R3. The colorful surface parameterized by z = 2% + y? represents an equipotential surface. Both

black lines pass ( and are perpendicular to the normal vector of the surface at this point. Due

111
32:2)
to the convexity of the surface, both black lines induce the same optimal solution (%, %, %) but they
associate to different gllg’:z.
Thus, we need to identify the quotient space of Graff(m,h) by R", i.e. a collection of g}?;)h that

induce the same w. We formally define this class of gg;)h as follows.

Definition 14 (w-Optimal). For g?;)h € Graff(m, h) and dataset D, we say it is w-optimal if

J(fuw, D) = min J(fw, D).

_m,
wEgRb

11



Figure 3: Illustration of different affine spaces that induce the same solution.

We depict the g;fl;)h that potentially induces w by the following property.

Definition 15 (w-Inducible). For g?;}h € Graff(m, h) and dataset D, we say it is w-inducible if
PV J(fw,D)=0 and (I, — P)w="b.

The first condition in Definition 14 requires that the direction of g?;}h belongs to the tangent space
of the loss surface at w. The second condition identifies the intercept term. The following lemma

reveals that these definitions are actually equivalent.

Lemma 16 (Equivalence of w-Optimal and w-Inducible). Suppose Assumption 1 - 3 hold.
Then, for each w € R", a subspace g?;)h is w-Optimal if and only if it is w-Inducible.

As a result, we denote collection of all w-optimal g}?;,h, equivalently all w-inducible g;?;)h, as Gy(D)
for each w € R". This can be written rigorously as

Gu(D) 1= {g?;,h | J(fuD) = min, J(fuv,D)} . ®
wegy;,

Lemma 16 implies that optimizing within the affine subspace ggfg)h € G(D) leads to optimal solution

w. Meanwhile, for each w, all m dimensional affine subspaces that lead to the final output of w belong

to Gy (D).

The definition of G, (D) is beneficial from two perspectives. On one hand, Definition 14 explains
Gw (D) such that it is the collection of subspaces that induce optimal solution w. This definition is
conceptually straightforward. On the other hand, Definition 15 provides explicit conditions that we
can verify for each pair of w and gg;)h. This definition is computationally convenient. Lemma 16
unifies these two properties and facilitates the identification of the g?j}hs that induce w. Intuitively,
the density of w is the integral of the density of gg’;}h contained in G,,(D). Thus, this identification is

an important procedure for evaluating p(w|D).

12



3.5 Error Analysis

In this section, we provide useful lemmas for proof of Theorem 12. We first construct a region A,
belonging to H and show that the probability of the solution of (7) falling outside of A,, is low, as
will be shown in Lemma 17. For any w € A,,, it is privacy-preserving as will be argued in Lemma 18.

Without loss of generality, it suffices to consider X, = {w|||w||2 < 1}. The region A, is specified

as the collection of w with a large gradient, namely
1
A, = {w | IVwd (fw;D)|l2 > %} N Xy (9)

and consequently A¢ = X, /A,,.

Lemma 17. Suppose Assumption 1- J and 11 hold. Let A,, be defined in (9). Then for dataset D,
there holds

Plw e AL|D] <6
where § is specified as § = VyAC~ImMm=1/2(2r)=h/2py(m=h)m/2=d/2

Lemma 18. Suppose Assumption 1- J hold. Let A, be defined in (9). Let D and D' be neighboring

datasets. Then for any T which is a subset of A, we have
Plw € T|D] < ePlw € T|D'|

where € is specified as € = (64cp\/R)N, (B — m)mn™Y2 + (32¢/k + 2/k) A, 2012

4 Discussion

We typically consider Gaussian sketching, while many other sketching methods, such as SRHT and
count sketch, also have strong subspace embedding properties and are faster to compute. As a special
type of sketching, sub-sampling methods have favorable computation and space complexity while
they may perform poorly under certain assumptions. Both sub-sampling and Gaussian sketching are
shown to induce DP. Moreover, | | showed that the noisy count sketch can be used for private
frequency estimation. Thus, a prospective future work would be investigating DP induced by SRHT

and count sketch.

5 Proofs

5.1 Utility Proofs Related to Section 2
5.1.1 Technical Lemmas

In this section, we provide technical lemmas that are necessary for the subsequent analysis.

13



Lemma 19. Suppose Assumption 1- Assumption 3 hold. the SVD decomposition of matriz ®/+/n is
Q12Y2Q,, where Y2 is a h x h matriz with eigenvalues of ® decreasingly sorted on its diagonal,
namely )\}/2, )\;/2, ‘e ,)\,1/2. Q1 and Q2 are h X h and n X n orthogonal matrix, respectively. For some
constant C' which will be specified in proof, let &4 = (QlT(I))LLChJ . be the first |Ch| rows of Q{ ® and
dp = (QIq))(LChJH):h,: be the rest of the rows of Q{ ®. Then if we take (ChV 2h/3) < m < h, there

holds

[(@aD}) 20498 @R (@401) 2 — Tienyla < 1/2, @S]l < N4
with probability 1 — 2e*™.

To conduct our analysis, we need to recall the definitions of Rademacher complexity which is

broadly used in theoretical machine learning | ; ].

Definition 20 (Rademacher Complexity). Given function class F, the Rademacher complexity
of F is defined as
]

Rademacher complexity measures the richness of a class of real-valued functions with respect to a

n

%Zfif(Xi)

=1

Rn(F) = E¢ |sup

fer

where {€;}I", are i.i.d. Rademacher variables.

probability distribution. Given a set of data, it picks f € F to maximize the product for each group of
€,9=1,--- ,n. When the function class is rich enough, it contains functions that can appropriately
adapt for each group of Rademacher random variables. When the function class is rather restricted, it
can not shatter the data and thus have small R,,(F). In our case, our goal is to bound the complexity

of the kernel class, which is formalized as follows.

Lemma 21 (Rademacher Complexity of Kernel Class). Suppose Assumption 3 holds. Let F
be the function class of kernel, i.e. F = {f(z)|f(z) = ﬁ oy Bik(zi, x)}. Then

VEsupser || fllF
R, (F) < .
(7)< YR
Lemma 22 (Rademacher Complexity of Sketched Kernel Class). Suppose Assumption 3
holds. Let F be the sketched kernel class, i.e. F = {f(x)|f(z) = % Yo (Sa)ik(xi, x)} with Gaus-

sian sketching matriz S. Then

- Ksu =
Lemma 23 (] ). Let g be Lipschitz, namely |g(x) — g(y)| < Llx — y|. Then, for every class F,
RngoF < LRyF,

where go F :={go f: f € F}.
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Lemma 24 (Error Bound by Rademacher Complexity). Let F be a class of functions that map
X into [a,b]. Assume that there is some r > 0 such that for every f € F,E [f (x)z} <r. Then, with
probability at least 1 — 1/n?,

= 2rlog log
sup (E{f(x)] - ;f(m) SARF 4| TEE 20— )=

The opposite direction is also true, i.e.

- N - 2rlogn a logn
?gg<2f(:rz) E[f( )])S4Rnf+\/ ——+2(b—a)——.

=1

5.1.2 Proofs Related to Section 2.3

W ithout loss of generahty, we assume that
6)*T (I)T Pda*
<

NG <1

15l =

Since we have

0" (@) 28] _ 9(2)]l2 252
NG < NG < K,

it is fair to assume that there exists a constant B such that |f(z)| < B and |]?(x)\ < B. This means
if the ground truth is bounded, any fitting that is bounded by B is enough. In the subsequent proof,

[/ (@)] <

we define several af and fT(z) = ¢'(x)®Sal/\/n for temporary technical usage. The meaning of each

pair of (af, fT) may vary between proofs.

Proof of Lemma 6. Since ||f| s < B, we have E [¢(f(z),y)?] < ¢ B> by Assumption 1. Then, ap-
plying the first argument of Lemma 24 to the function class 7y = {{(f(z),y)|f(z) = —= >_"_, Bik(xi, z)}

n

yields

I
L(f*) = 05 S Ru(Fp) + ) =22

3

Lemma 22 and 23 together leads to

Rn(}—g) < CLRn(]:) <

Si-

which completes the proof. Here we used Assumption 1.
O

Proof of Lemma 7. Since || f| o < B, we have E [{(f(z),y)?] < ¢} B? by Assumption 1. Then, ap-
plying the second argument of Lemma 24 to the function class Fy = {£(f(z),y)|f(z) = —= >.7_, Bik(zi, )}

L(f*) = 0* < Ru(Fo) +1/ loi”.

15

yields




Lemma 21 and 23 together leads to

Rn(fg) < CLRn(]:) 5

Si-

which completes the proof. Here we used Assumption 1. O

Proof of Lemma 8. Since the optimization object (3) is strongly convex, the classical analysis of
Newton’s method yields that, with O(logloge™!) iterations, there holds

~

L(for) + Al farllae = L) = Allflln < e

Taking € = % brings the desired result. O

Proof of Lemma 9. We first decompose ¢ into two parts: one is associated with the principal

eigenvalues and the other is associated with the remainder. To be specific, the SVD decomposition of

matrix ®/+/n is Q12Y2Q,, where ©1/2 is a hx h matrix with eigenvalues of ® decreasingly sorted on its

diagonal, namely )\}/2, )\5/2, e ,)\}1/2. @1 and Q)9 are h x h and n X n orthogonal matrix, respectively.

Then, we define &4 = (QlT(I))HChJﬁ be the first |Ch] rows of Q{ ® and ®p = (QlT(I))(LChHl):h,: be

the rest of the rows of Q{ ®. ¢4 and ¢p are defined analogously by (Qngb) 1:|Ch) and (QlT(b)(LCth,-l):h'
There exists a unique 3 such that f(z) = ¢' (2)®F/y/n is the minimizer of (1). Define

ol =85To (D557 ®)) 148

where we are almost surely guaranteed with invertibility of ®4SST®} if m > [Ch]. Let fT(z) =
¢ (x)®Sal/\/n. Note that the RKHS norm of fT has

*THT " 2112
BTel0NF _ 9B _ |
n n

1£1l2 = afTST@T@Sal =
Then we have

1 _ _

@) = J*(@)] = Z=l04(2) RS0’ + 65(@)2pSa — 0} (x)2aB — 0s(x) 25|
1

Vn

We control the two terms separately. The latter term is controlled by Cauchy inequality as

1 Ly 1

Jn Jn''P NG

The former term is controlled as follows.

1 —
gﬁwg(x)%sa*u |65 ()@ 5]

¢p(2) 05 < @)l2l1®88ll2 < —=llép(@) 21282 < l[¢5()]2-

(¢p(2)pSal| = |¢p(z)PpSSTO 4 (PASS @) D4p|
< |l¢5(@) 2] @BS|l2llST®L(@aDL) 2
N[ @a2R) TV 2BASS RN (@42 1) T (@ ADA) 2| P a2

3 _
< llon@lla Ny -5 2 Ach v
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where in the last inequality we used Lemma 19. Note that the above inequality holds with probability

at least 1 — 2e~2™. Thus, we have

(@) = F@)] S 95 ()2

Next, we prove the intended result. By Assumption 1, we have
Ezf(f (@), yi) — Ezf(f(fﬂ) yi)| S ﬁZIf (zi) = fzi)] S — Z l¢5(@3)|2-
i=1 ; i=1

Then, there holds

n n n

1 1 — 1
- > U (), m) — - D U(f (@) 9| S - > lles(x)l3
i=1 i=1 i=1
h
=\/tr(®LPp)/n = >N (10)
i=|Ch]+1
By definition of &, we have
{jé y) + Ml <~ Ze (fT (@), y) + AL

which, together with (10), yields

%D(ﬂm,y)—%D(ﬂ 0,9+ AIFlle S A+ Z A
i=1 '

i=|Ch]+1

5.1.3 Proof of the Main Result

Proof of Theorem 5. Remind the error decomposition (6). Combining Lemma 6, 7, 8, and 9, there

holds
logn h —
[E(far (2), )] = € Sy = Do A N = Allfarllze = AlF I
i=|Ch]+1
< [logn g
n
with probability 1 — 2e=2™ — 2/n?. O
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5.2 Privacy Proofs Related to Section 3
5.2.1 Technical Lemmas

In this section, we provide technical lemmas that are necessary for the subsequent analysis.

Lemma 25. Suppose Assumption 3 and 4 hold. For dataset D, let its feature map matrix be ® and
3 be defined in Theorem 12. Also, let the orthogonal projection matriz P be defined in Definition 15
for any w. For neighboring dataset D' of D, let ®', X, and P’ be defined analogously. Then we have

2
DR
Jn

and consequently

NE-(E-L)P) - NE - -I,)P) < Ak +2||P — P'||2

Vn
fori=1,--- h. Here \j(X — (¥ — I},)P) is the i-th eigenvalue of ¥ — (X — Ip,)P.
Lemma 26. Suppose Assumption 3 and 4 hold. For orthogonal projection matriz P, we have

An(X)
2

<SANE-(E-1)P) <2
fori=1,---,h. Moreover, there are m of eigenvalues of ¥ — (X — I)P that are exactly 1.

Lemma 27. Suppose Assumption 1 and 3 hold. Then for neighboring datasets D and D', we have

2
IV (w, D) — Vi J (w, D) |2 < cLvh

n

Lemma 28. Suppose Assumption 1 and 3 hold. For neighboring datasets D and D', let G, (D) and
Guw(D') be defined in (8). Then, there exists a bijection U between G, (D) and Gy (D') such that, for
any gggh € G (D) and its image g?,’};), = U(gg;)h), there holds

lﬁcL\/E
vnoo

|P—P'||; <

5.2.2 Proofs Related to Section 3.3
Proof of Lemma 13. By Bayes rule, there holds
p(953|D) = p(P,b|D) = p(P|D) - p(b| P, D).

We deal with two terms separately. Since ® is a h X n matrix with A < n, the SVD decomposition
of ® can be written as UAV where U and V are h x h and n X n orthogonal matrix, respectively.
A is a h x n matrix whose diagonal is filled with eigenvalues of ® decreasingly. Notice that entries
in the h +1,--- ,n-th rows of A are all zero. Let ¥ = ATA. ¥ is thus a h x h diagonal square

18



matrix with singular values of ®, which are supposed to be sorted decreasingly. Since V is an or-
thogonal square matrix, V' .S1.,, is distributed identically to Si.,, as rectangular matrix-variate normal
N (0, I /m, Iy | , Section 1.5.3]. The density function of p x ¢ matrix Y with the rectangular

matrix-variate normal distribution N, 4(M, X1, X9) is given by

B ’21’—11/2 ’22’—1)/2
N (2m)Pa/2

1 _ _
p(V|M, %1, %) exp [—2 tr (22 Y2y —a)T(Y - M)Y; 1/2)]
for positive definite ¥; and ¥5. Then ®Si., = UAV St.y, is distributed identically to AV, (0, ATUTUAN/m, I,,) =
Nim(0,%/m, I,,). With this distribution of ®S;.g, the corresponding density of P can be explicitly
computed. According to | , Remark 2.4.11], the density of associated rank m orthogonal projec-

tion matrix P is given by
p(P|D) = m"™2|2[~m2 |1, — (I, — £~ 1) P72, (11)

Then we turn to the second term p(b|P, D). The distribution of b can be considered as a projection
from by ~ N(0,X) onto the kernel space of P, i.e. {b|Pb = 0}. The projection can be written as
(I, — P)bg. Thus the conditional density is given by b ~ N(0, (I, — P)"X(I;, — P)). Note that the
rank of I, — P is h — m. That is to say, the distribution of b is a singular Gaussian on the kernel
space of P. The density function is given by

B HAi>0 Ai(11)

p(b|P, D) = . exp (— b'1I b)

where IT is the pseudo inverse of (I, — P) "X (Ij, — P). This together with (11) yields
m""2 T 50 Ai(0D)

m,h T
plgpy ) = cexp (—b'IID).
PO mp|n - (2 - 1) P ( )

5.2.3 Proofs Related to Section 3.4

Proof of Lemma 16. (i) We first show that w-inducible implies w-optimal. According to | ,
Section 2.4.4], the set g}fi:l is the same as { PA+w | B € R"}. Thus, the original optimization problem

min . m.h J(fw, D) is identical to solving the following optimization problem
P,b

min , D).

iy (fPa+s, D)
By definition 15, b = (I, — P)w. Thus, we have PS4+ b = P( — w) + w, which converts the problem
into

iy (fPB+w, D)

19



Since both ¢(f(x),y) and operator || f|| is strictly convex with respect to f, the object J(-,D) is

strictly convex. As a result, there holds
J(fp81w: D) > J(fur D) + (V3 (frp1w: D) 3=0) " (B —0).
Moreover, let @ = PB 4+ w. By the chain rule, there holds
Vs J(fPgtrws D) = Vi VoI (f5,D) = PTVJ(fu, D).
w-inducible implies that PV, J(f,, D) = 0. Therefore, for all 3 € R", we have

J(fP,3+waD) > J(fwap)

except for 8 = 0. Thus, the optimal solution to the optimization problem in Definition 14 is w, i.e.
ggL;)h is w-optimal.
(ii) For the opposite direction, if gg;)h leads to w being the optimal solution, it is clear that

w e g}”gj)h, Again we can write problem min g J(fw,D) as
min J ,D
SeRh (fPﬁ+w )

with 8 = 0 being its optimal solution. By KKT necessary condition | ], there holds
0 = VsJ(fps+w; D) |p== PV (fa, D).

For the second statement, note that P'b = 0. Thus, b is the projection on the kernel space of col(P),
namely (I, — P)w. O

5.2.4 Proofs Related to Section 3.5

Proof of Lemma 17. Let w be the optimal solution of min, cpn J(fw, D). Consequently, Vi, J( fu, D)|w=w =
0. By Assumption 11, ||VJ(fuw, D)||3 is strictly positive definite by some constant A. Thus we have

IV (fus D)3 = 0+ (VL IVad (fus D)) ’ Cw—m)+

w=w

=—(w-o)" - (w-w).

»-lk‘[>:

Here we used the fact that

Vol Vo (fus D]y = (2 Vi d (£, D) - Vo (furs D)) | yy = O-

w=w w=w

Then the region {w | ||VuJ(fuw, D)|l2 < 1/4/n} is an subset of the ellipse

A o o1
(—

n
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—1)d/2

whose volume is Vj (4A_1n . Reminding the density function in Lemma 13

p(gpjph) = Ai>0 vl exp ( —b' b)
2m)M2|8 — (S — 1) P|

where IT = (I, — P)"2(I, — P). By Lemma 26, we have
S = (S = )P = M(E = (2 = L) P)P7m™) > (2) B,
Also, by Assumption 4, we have

[T M < au(z)= =,

Ai>0
since I, — P is a rank-(h — m) matrix. Also, since II is semi-positive definite, we have
T
eXp(—b Hb) <0.
Combining these pieces, we can bound p(gg”;)h) by

m —(h—m)(m+2)/2
/2 () m+2)

(2m)h/2

R
p(gg,b ) <

As a consequence, the probability density of G, (D) is bounded by

m,h
peu@)= [ 0
g€ w

Thus, the density of each w, equivalently of each G, (D), is also uniformly bounded by the quantity
of mMm=1/2(27)=h/2pv(m=h)m/2 Together, these yields

P({Gu(D),w € AL}D) < VArCImMm=1/2 ()~ h/2py(m=h)m/2=d/2

Proof of Lemma 18. 1t suffices to show that, for each w, we have

h
p(gg,b D)

m7h AN €
p(gp/,bfm )

€

for g3 and gj»", given in Lemma 28. If so, there holds

Plwe TID]  Jyeqnm)wer P@dY™" plgpy' D)

€

<sup— ——<e
Plw € TID'] [, e wer P)dY™" plapihy D)

The density function p(g?;}h D) has three parts, and we deal with their ratios separately.
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(i) We first bound the determinant part, which is

‘2_ (E_Ih)P| — H?:l )‘i(z_ (Z_Ih)P) (12)
X = (& = I)P'| T, N = (2 = 1,)P)

By Lemma 26, there are m eigenvalues that are exactly 1. For the rest eigenvalues, we provide an

upper bound for

Ni(X = (X —1n)P)
Ni(X = (X = 1p,)P)

for each i = 1,--- ,h. By Lemma 25, we have

Ni(E—=(X-1,)P) <14 M= XE-1)P) -\ — (X — 1) P)
Ni(X = (2= Ip)P) — (X — (2 = Ip)P)
4v/R/v/+ 2P = Pl

N = (3 — )P

<1+

The lower bound of A; in Lemma 26 yields

Ai(X— (2 —1n)P) 8k AP — P2
<1+ + .
Ai(X = (3 = In)P") Anv/n An

Combining Lemma 28, we have

Ai(X— (X —1n)P) 8vk | bdepyk
N = (=P S T o T e

Bring this into (12), we have

S — (= I,,)P| (8 4 64cp)/r\ "™
|z'—<z'—zh>Pf|§<” A/ )

and consequently

= - (2 - B)P™? (1 L8+ 64cL>\/E>("m>m/2

(Y — )P i
< exp <(8 +)\f}>’jlj%)\/§ (h —2m)m>‘ (13)

(i) Next, we bound the exponential part

exp (= b [(I — P)TS(Ih — P)]'b)
exp (= bT[(In— PYTS/(I — P)] ')

We first give a bound on the matrix norm

(= Py~ P (- P - )Y
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Basic matrix inversion leads to

H (I, — P)TS(I, — P)] " = [(In — P) TS/ (I, — p/)]*1H2

<|| [ =Py - P [ Py - P

|| = PYTE (- P) = (1= PYTE (0 - P) , (14)
By Lemma 26, we have
_ _ 4
| (@ =Py - )7 ||l - P T - P Y| < 55 (15)
h
For the last term, we use the following decomposition
(In = P)'S(In = P) = (In = P') 'X'(I, = P')
=(I,— P)'S(I, — P) — (I, — P")T£(I,, — P)
+(In = P) 'S (Iy = P) = (In = P') 'Y/ (I = P)
+(I, - P)'S' (I, - P)— (I, - P)TS' (I, — P)
to get
|0 = PYTS( = P) = (1 = P) T (I~ P,
<IIP = PallS(T = Plla + I — PIalIS = Sl — Plla + | (T — P)S2lP = Pl
2P = P2+ [|Z = 2|
Combining Lemma 25 and Lemma 28, this becomes
|5~ Py Py~ (- P P < BV (16)
2 Vn
Bring (15) and (16) into (14), we have
_ _ 128 8
| [ =Pyt = P = [ = P P Y| < CL\[* vE
2 A/n
Since b = (I, — P)w and b’ = (I}, — P")w, we have
160L\/E
b—bl2<||P—-P < .
| l2 < | l2f|wll2 < n
Also, we have apparently ||b||2 < 1 since we only consider ||w||2 < 1. Together, we have
b [(In — P) TSI, — P)] 00T [(In — P) TSI, — P)] W
<llb=¥lla [ {1 = PYTS(n = P (102 + 1))
([T = Py - P = (= P = P e
640Lf 128CL\/E+ 8\/E
< + A : (17)
Ap/n )‘h\/ﬁ
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where in the last inequality we used Lemma 26.

(ii1) For the ratio of |II| part, we analogously bound for

Xi((In — P)"S(I, — P))
Ni((I, — P (I, — P))

fori=1,---,h. By Weyl’s Theorem | , Theorem 4.3.1], (16) yields that
Ai((In = P)TS(Ih = P)) = Mi((In = P') T2/ (I, — P'))

<[t = P - P - (1= YT - |, < B

Thus combining Lemma 26, we have

NI = P)TS(I = P) _, [[(n = P)TS( = P)) — (1 = P) TS/~ P)

Ni(In = PYTS/ (I — PT)) Ai(In — P)TS/(I, — P'))
64CL\/E—|—6\/E
Y

The same argument in the proof of Lemma 26 yields only h — m eigenvalues that are non-zero.

Thus, we have

[Ty, 50 Ni((In — P)TE(I, — P))

+ 64CL\/E+6\/E)h—m
[15,50 Ni((In — P) T/ (I, — P))

Any/1
(64cp K+ 6y/K)(h —m)
=P ( Any/n ) '

With these conclusions, (13), (17) and (18) together yield the desired result that

<@

7h 7h
p(gpy ID)/p(gpiy| D) < e
where we have

(8 +64cr)v/k (h — m)mn71/2+u n 32CL\/En71/2+1/
Ch

Ch 2

Gy

_l’_

This value is dominated by

¢ < 64cr/k

~1/2+v | 320L\/E+2\/En71/2+2u
Ch

Ch

(h —m)mn

for sufficiently large n.
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5.2.5 Proof of the Main Result

Proof of Theorem 12. Consider w the final output of Algorithm 1. We know from Lemma 16 that,
given a fixed dataset D, there is a bijective between w and G, (D). Let G (D) and G, (D)’ be the
w-optimal set conditioned on D and D’ respectively. To show (e,d) differential privacy, we need to
compute the ratio of probability of outputting w € 7 conditioned on dataset D and D’, where T is
any set in R" . P(w € T|D) can be written as

P(w € T|D) = P{Gw(D),w € T}|D). (19)
By Lemma 18, we have
P(Gw(D)|D) < e“P(Gw(D)[D') (20)

for each w € A, where A,, is defined in (9). Moreover, we have P({G,(D),w € AS}|D) < § by
Lemma 17. This together with (20) yield

P({Gw(D),w € TYHD) < eP({Gu(D),w € T}HD') + 6.

This exactly gives (e, d) privacy in Definition 10 by bringing in (19). O
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A Technical Proofs

A.1 Proofs of Results in Appendix 5.1.1

Proof of Lemma 19. We prove the two arguments separately.
(i) First, note that ®4® ) is symmetric and thus (®,4®})~/2 is also symmetric. Then, there
holds

_ _ T _ _
(@40]) 20,40 (@40]) /%) T = (@48]) 2040 (240]) V2 = I,

which yields that (@AQJX)_l/?@A has orthogonal rows. With this, we begin to bound the operator
norm of the matrix Q = (Pa®)) /204557 @) (P4D))"/2 — Iicp). Let {vl,..., vV} be a 1/2-
cover of the Euclidean sphere SI"J=1; by standard arguments [ ], we can find such a set with
N < e2l€h] clements. Using this cover, a straightforward discretization argument yields

1Qflop < 4 max VTQUF =4 max wT(STS - I,)o,

s 1 N s :17"'7

where v/ = @Z(@ACDZ)_UQW € 8" 1. Since each entry of S is an i.i.d. Gaussian, we can apply the

concentration result by using sub-exponential bounds [ , Proposition 2.9] to obtain
P[PT(STS ~ 107" > 1/8] <cre ™, k=1, N
for some constant ¢y, ca. Consequently, by the union bound, for any constant C' < ¢3/8, we have
Pl@llop = 1/2] < cre”e2mFALCh] < ) o7 8OMHACh < () o=20m < o=2m

for sufficiently large m. Here we used the assume lower bound m > 2h/3.
(ii) For notation simplicity, we use ®5 to denote the augmented feature matrix (0, ®5)". For the
second argument, we want to bound the operator norm
|®5S]l2 = |®pSlla = sup v Su.
ueSm—1 vef
where we define £ = {ng | w2 < 1}, and S™! = {u € R™ | ||ul]j2 = 1}. Again with standard
discretization arguments | ], we can find a 1/2-cover {u',...,u™} of the set S™~! of the set
with N < e?™ elements that guarantees
@3Sz < 2max supv' Su’
JEINT veg
For each fixed v/ € 8™, consider the random variable SUp, e v Sul for j =1,---,N. It is equal

in distribution to the random variable V(g) = ﬁ Sup,cg g' v, where g € R" is a standard Gaussian

vector. For g,¢" € R", we have
2

2
_ N <« 2 _N\T < o .
V(g)-V(d)| < mitelg(g 9) v < —=lg=dllvl
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Definition of £ yields that [|v][2 < [|®p[l2 < \/A|cn)+1- Consequently, by the concentration of measure

for Lipschitz functions of Gaussian random variables | , Theorem 2.26], we have

mt?
P[V(g) > E[V(g)] +1] < exp ( - 8)‘LChJ+1>

Turning to the expectation we have

1 1 —T—
E[V(g :]Esupgng[ gr® @Bg}.
V(o) = J=Elupg ) < B |\/gTE
By Jensen inequality, this leads to
— 1 h (1-C)h
E[V(g)] < N Elg"®pPpg] = N Z Ai < AlCh+1

Since m > 2h/3, we get E[V (g)] < )‘té‘zhj—i-l‘

Combining the pieces, we have shown that
mt2

P [sup v Sul > c')\tézhHl + t} < e SAonj+
vel

for each 7 = 1,...,N. Then, we take ¢ = 4\f)‘1é2hj+1 and take the union bound over all j € [N].
This leads to

P [||<I>BS||2 > c”)\téQhJH} < e—dmt2m _ —2m

which completes the proof.

Proof of Lemma 21. For the kernel class, we have

sup L > eif (iﬂi)] = *E [SUP > etk ]

ferm feF i

1 n
= )]

By the representer theorem, the maximizer of the above quantity can be explicitly formulated as

EZk‘ 7Xz'
S“p”f’fuzzlfz <( )

E.

Thus, there holds

n

Z eik (-, .%'Z)

i=1

Ee

a3 f(xi)] _ swyerlfllr [

n n
fer 4

J
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Reformulate kernel function as feature map yields

n

Z eik: (', IEZ)

=1

n

=Ec || D aeio(@i) olx))

1,7=1

E. =E.

H

Then, by Jensen’s inequality, we have

n n

E || Y eejole)T o)) Ee | > eiejd(xi) T d(x;)

i,j=1 t,j=1

IN

=\ D @) Td(x;) < vk
=1

which completes the proof. O

Proof of Lemma 22. The lemma is a direct corollary of Lemma 21 since {Sa|a € R™} is a subset
of R™. O

Proof of Lemma 23. Note that F is a subset of F. Thus, by monotonicity of local Rademacher

complexity with respect to the function class, the conclusion holds.
O

Proof of Lemma 24. The lemma is a direct corollary of Theorem 2.1 in [ ]. We let x =
2logn and a = 2/3. O
A.2 Proofs of Results in Appendix 5.1.1
Proof of Lemma 25. By Weyl’s Theorem | , Theorem 4.3.1] , we have
AN = (8= [)P) = M — (5 = )P) <[S = (S = )P — % — (5 = )P
Then, by triangle inequality, there holds
IS = (- 1P =% — (% = 1)P;

<IB =S+ [P = Pl + [ Pll2lE = X2 + [ZlallP = Pl2
<2(|Z = 2 + [P = P'|l2)

where the last inequality holds because ||P’||2 = 1 by definition and \;(X) < 1 as in Assumption 4.
It remains to show that [|X — X'||2 < 24/k/y/n. Since D and D’ are neighboring data sets, ® and ®’
only differ in their first column. Then, ®'® and ® '@’ only differ in their first row and first column,

which consist of 2n — 1 entries in total. As a result, we have

(@70 — ' Td |y < |2T® —d'Td||p < /26(2n — 1).
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The last inequality holds since the (i, 7)-th element of ®T® — &'T®' is k(z;, x;) — k(z/, x’;), which is

absolutely bounded by 2k and is non-zero only if ¢ = 1 or j = 1. Consequently, we have

1 2
15— < Hj0To - a7, < 20
n LD
which yields the desired result.
O

Proof of Lemma 26. Remind that, by definition, m of the eigenvalues of P is 1 and the others
are (0. Since P is symmetric, its eigenspaces are mutually orthogonal. Let u be an eigenvector of
¥ — (¥ — I,) P. u has a unique orthogonal decomposition u” 4+ u' where ! is the projection onto the

eigenspace of P with eigenvalue ¢ for ¢ = 0,1. Then,
M= (S~ (2 —-I)P)u=2u— (2 - Iy)u' = Su’ +u'. (21)

Thus, for each eigenvector @' of P with eigenvalue 1, it is also an eigenvector of ¥ — (X — I;,) P with
eigenvalue 1. This is to say, m of eigenvalues of ¥ — (X — I;) P are 1. Assume that |lul|s is 1. Multiply
(21) by u, we have
1 1
A= u'Yud + u0%u’ + w! Tt > — §u02u0 — §u12u1 + w00 + Tt
1 1
iuoEu 2u1§]u1 +ut Tl

Reminding Assumption 4 that A\, (3) < A;(¥) < 1, we have

An(2)
2

An(X)

1
— w9’ — 2u12u1 +ut Tyl > 5( w3’ + u'Su ) > >

5 (I[u®l13 + llu']i3) =

Obviously, we also have

A= [z < ([Zul2 + [lutflz < 2.

O

Proof of Lemma 27. Remind the definition of J(f,,D), taking derivative yields

Since D and D’ only differs at z1, we have

1 1
[V (Fu, D) = Vard (fuor D)o =l (d(1) ", 1) $l1) = 0 (8(x1) T, 1) 6l
< 2CL\/E
n
where we used Assumption 1 and 3 in the last step. O
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Proof of Lemma 28. We first give explicit expression of a bijection between G, (D) and G, (D’)
by construction. For each w, let eq,---e, be a set of standard orthogonal basis in R satisfying
e1, e € span{VyJ(fuw, D), Vi (fu, D)} and ez, - --ep, € span{VpJ (fuw, D), Vi (fu, D')}+. A rota-

tion matrix U in R” satisfies
UeRr U= =UT, detU = 1.

Define the rotation matrix U = Uy, ppr from Vi J(fu, D) to ViJ(fuw, D) by

Vi (fuw, D) Vi (fuw,D') .
U = and Ue; =¢€;, for i=2,--- h. 22
VT Dl N Gun D) i (22)
Condition (22) specifies a unique U for each pair of w, D and D’. The rotation matrix only operates
on the two-dimensional subspace span{V,J(fw,D), ViwJ(fw,D')}. Then we claim that for each
ggéh € Gy(D), we have g;n,,’fg, € Gu(D') where P’ = UPUT and ¥ = (I}, — P')w. To see this, recall
the formulation of G, (D) in Definition 14 that

PVyJ(fu, D) =0 and (I — P)w=b.

Then,

V0T (i, D)
[Vd (Fur D)
IV (fur D) _
VT (Fur D)l

P'NJ(fuw, D) = UPU "V J(fu,D') =UPU UV J(fu, D)

—UPVJ(fu, D) 0.
Also, v/ = (I}, — P")w follows from definition and thus gg/’lz/ € Gy(D'). The map U is defined as the
map from ggl;)h to ggb,’};,. Note that this is a bijection since U is invertible.

Next, we show that |P — P'||z < 16¢cp/kn =12 for w € A,,. Recall the definition of U in (22), the

operator norm of U — I, satisfies

VuJ(fw, D) Vi (fw,D) Vud (fuw,D’)

0= 0l < 1V =075, 77, D) = 190 D~ 90 s DO

Note that both ~wlUwD  nq Ve (wD) om0 ypig length vector. By the law of cosine, see for

Ve d (fu, D)2 VeI (fw, D)2
instance [ |, there holds
ij(fw7p) ij(fwap/) va(fUHD) 'va(fﬂHD/)

- -2 -9
TG D)~ Vi D)

We can further decompose this as

IV (furs D)2/ 0o (fos D)2

Vud (fuws D) - (Vwd (fu, D) + Vud (fu, D) = Vid (fu, D))

IV (fu, D) |2l Vo T (fuo, D) |2
”Vw*](fw’D)HQ . QVwJ(fwaD) ) (va(fwaD/) - va(me))
IV (fuo, D)2 IV wd (fus D21V (o, D)2

2-2

=2-2
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By Lemma 27, |V J (fuw, P) — Vi (fuw, D)2 < 2¢py/k/n. Then we have

||va(fva)||2 > ||va(fwaD/)||2 - ||Vw=](fw>D) - ij(fw»D/)||2
IVwd (fuw, D)2~ IVwd (fuw, D)2
—1_ QCL\/E
1|V J (fu, D)2

For w € A,,, this yields

”th](fw,D)HQ . 2CL\/E
Vud (fu D)o =7 (24)

Analogously, we also have

ij(fwap) : (th](fwypl) - va(fwaD))
IV (fu, D)2l Ve (fuo, D')ll2
o IV G D2 VT (D) = VI (fu D) 2e1v/5

= =z (25)
IVwd (fuw, D)2l Vwd (fu, D)2 vn
Combining (24) and (25), (23) yields
8crv/k
U = Dl < 3EVE
Vn
Then, by definition of P’, we have
|P— Plly=|P~UPUT s = |[PU ~ UP|s <||PU — Plls + | P — UP];
166[,\/%
<2||P||2|U — I < .
<2 Pl - e < 2
O]
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